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1. INTRODUCTION AND BRIEF HISTORY OF THE PROBLEM 
Let (M,.F) be a C3-foliated n-manifold with leaves of dimension n - 1. 
Let gv(F) E H3(M, IR) denote the characeristic class introduced by 
Godbillon and Vey in [G-V]. Considerable effort has been made to discover 
the geometric significance of this invariant (recall Thurston’s “helical 
wobble” [Th], which can be interpreted via the formulas in [R-W]). 
In addition to celebrated examples of foliations for which gv(F) does not 
vanish [G-V, Th, Br], the list of foliations for which it does has been growing 
steadily. By work of Herman [Her] and Wallet [WI, gv(Sr) = 0 for foliated 
circle bundles and interval bundles over T2. This result has interesting conse- 
quences that are far from being obvious. Thus, Morita and Tsuboi have 
deduced the vanishing of gv(X) for closed, foliated manifolds without 
holonomy [M-T] and Mizutani, Morita, and Tsuboi have extended this to 
foliations almost without holonomy [M-M-T]. 
In all of the above vanishing theorems, the leaves of the foliations have 
polynomial growth. Other classes of foliations, with all leaves polynomial 
and gv(,F) = 0, were found by Nishimori [N], Sergiescu [Ser], and 
Tsuchiya [Ts]. In a preprint [C-C2], that became obsolete within a few 
months of its distribution, the present authors proved the vanishing theorem 
for all closed, foliated manifolds in which every leaf has polynomial growth. 
Indeed, we proved that, if every leaf is nonresilient [L] and if no leaf lies at 
infinite level, then gv(sT) = 0. 
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A resilient leaf captures itself by a holonomy contraction. This dynamical 
feature implies that the resilient leaf, and every leaf approaching it, has 
exponential growth [P, 6.21. The presence of exponential leaves, however, 
does not imply resiliency. Duminy and Sergiescu have shown [D-S] that 
foliations transverse to a fibration by circles and having no resilient leaf have 
vanishing Godbillon-Vey class. Finally, Duminy [Dull has established the 
following, giving a strong, affirmative answer to a question of Sullivan [Sch, 
Problem 17.31. 
(*) THEOREM (Duminy). If M is closed and ifX has no resilient leaf, 
then gv(F) = 0. 
This result was also announced in a preprint by Hector and Heitsch [H- 
HI* 
Duminy’s proof of (*) is remarkably elegant and provides new tools for 
analysing gv(X). One of these is a “localization” of gv(X), extending this 
class to an H3(M; IR)-valued, a-additive measure on a u-algebra of F- 
saturated Bore1 sets. This idea was anticipated in [C-C21 for the case of 
foliated 3-manifolds, where the measure is D-valued. Another of Duminy’s 
ideas is to exploit the dependence of the gv(.)-measure on the infinitesimal 
holonomy of X. In this way he shows that the measure vanishes on 
“infinitely thin” saturated Bore1 sets, even if their Riemannian volume is 
positive. It follows that gv(Sr) does not detect leaves at infinite level. 
Resiliency, unlike growth properties, makes sense when the foliated 
manifold is open, so it is natural to expect (*) to extend to that case. Indeed, 
for foliated circle bundles, this extension is easy [D-S], but for the general 
case, Duminy’s proof makes substantial use of compactness. Here we will 
show how to remove that hypothesis. 
(**) THEOREM. Let M be an n-manifold, either open or closed, and let 
.F be a C3-foliation of M by leaves of dimension n - 1. If F has no resilient 
leaf, then gv(F) = 0. 
The theory of levels in closed, foliated manifolds describes the dynamics 
of the (codimension one) foliation in the spirit of classical Poincare-Ben- 
dixson theory [C-C I]. This theory plays a crucial role in [Dull. Here we 
show that, in open, foliated manifolds, the theory of levels has a local 
analogue (Sections 4-6). That is, such manifolds can be realized as 
increasing unions of open, relatively compact submanifolds M,, k > 1, in 
each of which the hierarchy of local minimal sets is exactly as in closed 
foliated manifolds. We also present a version of Thurston’s formula for the 
Godbillon-Vey invariant [B2, Hae], realizing it as a 3-cocycle on the 
holonomy pseudogroup 59 of X, and show that, for the pseudogroup ,9k of 
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4- 1 M,, k > 1, a line of argument quite analogous to Duminy’s becomes 
possible. 
Our most useful result is Proposition (3.4) that makes measure-theoretic 
computations with the Thurston cocycle surprisingly easy. Compare, for 
example, the short proof of (9.1) with the various special cases proven in 
[Her, M-T, M-M-T, Ts, C-C2, Du2]. This proof also seems to be of interest 
in the case of closed, foliated manifolds, and the reader who wishes to 
consider only that case can omit most of Sections 4-6. 
CONVENTION. With no loss of generality, we will assume that the 
foliation jT of (**) is transversely oriented. 
2. PRELIMINARIES 
Let 9 be a one-dimensional foliation of i%4, transverse to ST, and, relative 
to X and 9, choose a locally finite, biregular cover F = ( Vj}jEJ of M [C- 
Cl]. Thus, vi 5 D”-’ x [0, 11, where D”-’ is the closed, unit ball in ES”-’ 
and the diffeomorphism identifies D”-’ x (t} with an r-plaque, 0 & t & 1, 
and {x} x [0, l] with an p-plaque, VX E D”-‘. The set Y = (Vj}j,=J of 
interiors is an open cover of M. Using the local finiteness of Y, one obtains 
local Lebesgue numbers, making it easy to produce a biregular cover 
6= {lQiEI such that iJi,n*** nUi,#@*Ui,U*-* V~i,CVj, some 
j E J. It is not necessary to require 8 to be locally finite, a remark that will 
be useful in (5.1). 
For each i E I, choose Ti: fli + R to be a smooth submersion defining 
Sr 1 fii and respecting the transverse orientation. Also, arrange that -- -- 
J;,(U,) Q(U,) = 0, i #j. Let fi =fi 1 Ui. If vi c Vj, we can assume that x 
extends to a submersion Vj -+ R defining ST 1 Vj. - - - - 
The transition functions gij :h(Ui n oj) +f,(U, n oj), such that fi and 
gij of. agree on vi n vi, are only to be defined when Vi n Uj # 0, and they 
generate a pseudogroup T in R, each element of which is an orientation 
preserving diffeomorphism with domain a compact, nondegenerate interval. 
Here, the usual definition of the term “pseudogroup,” in which domains are 
open, is modified in fairly obvious ways. In particular, the operation SU h is 
allowed if and only if dom g n dom h has nonempty interior in which g and 
h agree. 
The diffeomorphisms g = g / int(dom g), g E 7, constitute a pseudogroup r 
with open, connected, bounded domains. The elements of r have bounded 
derivatives of all orders. 
(2.1) LEMMA. If U,,r\ ..- n Ui, # 0, then Tl, (Ui, n . .- n Oil) is a 
compact, nondegenerate interval with interior fir (Ui, n * * * n Vi,)* 
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For (2. l), the crucial fact is that fl,, U -a. U air c Vi, somej E J. 
Let ,!? be the category with objects those compact intervals that occur as 
dom g, g E r, and morphisms all smooth imbeddings g: X+ Y such that 
g: X+ g(X) is an element of E By abuse of notation, we let 5? denote its 
own set of morphisms. Similarly, we define y’, using the pseudogroup Z, and, 
by abuse of terminology, we call 5? (and g also) the holonomy pseudogroup 
of 9-. 
The index set Z is to be at most countably infinite. It is to be infinite if and 
only if M is open, and we consider explicitly that case. Select a sequence 
Vkl/o, of finite subsets of Z, set M, = Uis,, Ui, and make this choice such 
that M, c M, c ... c M, c ... is an exhaustion of M. Since i@, = UiE,, pi is 
compact, this exhaustion is by open, relatively compact submanifolds. We 
obltain corresponding finitely generated subpseudogroups 9; c .F and 
gi c y for the respective foliations jT ) G, and Xk = X 1 M,. -- -- 
Because of our requirement that f,(U,) nfj(Uj) = 0, i #j, these various 
pseudogroups faithfully reflect the holonomy of the corresponding foliations. 
In particular, jr (resp. ST,) has a resilient leaf if and only if g (resp. .&) has 
a resilient orbit, in the following sense. 
DEFINITION. A y-orbit L is resilient if, given x E L, there is g E 55 such 
that x E dom g, g(x) = x, g is a contradiction to x on at least one side, and L 
meets the interior of the support of this contraction. 
Associated with the structures defined above, there are two foliated, semi- 
simplicial manifolds that we will need. The first, to be denoted by M@, is G. 
Segal’s classifying space for the open cover @ [Seg]. Here, 
M@= Pf,@l,,o~ where Mp@ is the disjoint union of all sets of the form 
u OO(r, . ‘UP = UCp= nipopUi, a,~cr,& ...&cP, and o,sZis finite. The face 
operators ai : Uo,. . .. -+ Uoo.. .o,. . .. are the inclusions. There is induced by 
R a semi-simplicialPfoliation X@ Pof M@. Similarly, for Qk = { Ui : i E I,), 
one defines XQp, and M@,. 
The semi-simplicial l-manifold MY = {MpF}Jpa,, is described as follows: 
The disjoint union of the objects of y constitutes M,F. For p > 1, we form 
Mp.Y as the disjoint union of all (g,, g2,..., g,) X dom gpr such that 
gi+l : dom gi+ , + dom gi, 1 < i <p - 1. The face operators are defined by 
Since each face operator is a submersion, the foliation 3-g of MY by points 
is semi-simplicial. Similarly, one defines Xyk and MFk. 
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(2.2) LEMMA. There is a semi-simplicial submersion fi M@ --f iMY such 
that F@ = f l(.FF). 
Proof. For each finite subset u C_ I, define f, to be f;. 1 U,, some i E u. 
One then obtains transition functions g,, and, for x E UO,,,, ...UP, we set 
f(x) = (f&T,,, 9***9 &-,,Lco,w* 1 
If BY = {BpQ>O is the semi-simplicial classifying space for the discrete 
category Y [B 11, then BS is a semi-simplicial O-manifold and the natural 
projection 7c: MY + BF is a semi-simplicial fibration with contractible fiber. 
For a general semi-simplicial manifold X = {XP}P>O, we use the double 
complex G**(X), de Rham in the vertical direction and semi-simplicial in 
the horizontal. Thus, LJpVq =A”@,) and 6: fip,q + Op+lVq is Cf=O (-l)i 87, 
and d: Qp*q -+ 52p9q+ ’ is (-l)p d, where d is the de Rham operator. 
Evidently, H*(fi* *(BY)) = H*(.Y?; [R), the usual cohomology of the 
category Y. Of the following, (2.3) is trivial and (2.4) is standard. 
(2.3) LEMMA. The homomorphism II*: I-I*(g; R)+ H*(fi**(M~)) is 
bijective. 
(2.4) LEMMA. The canonical inclusion Aq(M) + Aq(M, @) induces a 
canonical isomorphism H*(M; R) = H*(f2**(M@)). 
If (X,Z) is a foliated, semi-simplicial manifold, Bott [B2] defines 
gv(Z) E H3(0* *(X)). The defining data for gv(Z) come from choices of 
o,,, v0 E A ‘(X,) such that (p,, defines Z on X0 and dq, = ?f,, A (p,, . We 
consider two interesting cases. 
(1) If dq,, = 0, one chooses q,, = 0, in which case gv(X) is represented 
by 
-f bP, 1% P2 
dlogy, d log/+ 
E A ‘(Q, (2.5) 
where pi : X2 -+ IR, i = 1,2, are defined by the formulas 
P, * (8, o 32j* PO = PO o 321* vo, p, * (a, 0 a21* VP0 = (30 o w* PO. 
In applying this to (MS,KV), with the choice (p. = dt, one finds that, on a 
component (g, , g2) x dom g,, (2.5) takes the form D( g, , g2) dt, where 
1% gs 
ml9 g2) = f (log g;)’ 
1og(g, o g2)’ 
(log(g, 0 gz)‘)’ * (2.6) 
An equivalent formula, in terms of the groupoid of germs of g?, has been 
given by Haefliger [Hae, pp. 41 ff]. 
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More generally, if on IV,,.?? we choose (D, = eHf) dt and again take r,, = 0, 
we find that, on (g, , g2) x dom( gz), 
logh = 4gl og2, r>, 
a(& r) = Y - Y o g - log g’. 
(2.7) 
It should be remarked that a( g, y) = 0 if and only if g*(eYdt) = eYdt. 
(2) In the case of (M@,X@), one can choose the data by pulling 
back the data in (1) viaf: M@ -+ ML?. Alternatively, one chooses rp E A ‘(M), 
defining ST, and q E A l(M), du, = 17 A rp, and obtains qO, v0 E A ‘(MO @) as 
the images of p,, v under the canonical inclusion. For this second choice, 
Bott’s formulas imply that gv(X@) is represented by q,, A dqo E A ‘(k-f,, @). 
(2.8) LEMMA. Under the natural ide@cation in (2.4) the 
homomorphism f *: H*(fl**(M~)) -+ H*(M; R) carries gv(Fy) to gv(%F). 
For each g E Y’, let c(g) denote the lower endpoint of dom g. 
(2.9) LEMMA. Let E E R**‘(M,V’) be a cocycle for D = 6 + 2. Assume 
that this l-form is bounded on each component (g, , gz) x dom g, and denote 
it there by E(g,, gJ dt. Then the cochain EE C3(W; R) given by 
~(g,,g,.g,)=!~‘(‘(“))E(g,,g:)dt 
Ck2) 
is, in fact, a cocycle and z*[l?] = [El. 
ProoJ Define h, E f2*Vo(MF) by hE(t) = j&,, E(g,, g2) dt on 
(g,,gJ x dew,. Then dh, = E, hence -6h, represents [El. An easy 
computation shows that, on (g, , g,, g3) X dom g, , 
-ah,(t) = -l;,,,, 6E + f3’e’g3” E( g, , gz) dt. 
C(P,) 
Since E is a cocycle, 6E = 0 and we obtain --ah, = Y%. Also, since rt# is 
one-one, E is a cocycle. I 
(2.10) COROLLARY. The cocycle A E C3(Y; R), given by 
satisfies x* [A ] = gv(F.F). 
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DEFINITION. The Godbillon-Vey class of Y is gv(Y) = [A]. The cocycle 
A is called the Thurston cocycle. 
(2.11) LEMMA. There is a natural homomorphism A*: H*(F; F?)-+ 
H*(M; IR) such that I*gv(F) = gv(Sr). 
Proof. Set A* =f * 0 7c*. I 
Remark. All of the above goes through with M replaced by Mk, ST by 
‘Fkk, 59 by gk, etc. 
3. THE GODBILLON-VEY MEASURE 
Following Duminy, we extend the Godbillon-Vey class to a cohomology- 
valued measure. We will see that the Thurston cocycle is made to order for 
this task and is computationally more convenient than the de Rham cocycle. 
Let W c IR be the open set Ui,lJ(Ui) and let W, = Ui~,,~(Ui). In what 
follows, we develop our theory explicitly for the pair (W, Y), but everything 
goes through unchanged for (W,, .Q, k > 1. 
DEFINITION. The family of open, P-invariant subsets of W will be 
denoted by O(Y). The u-algebra of g-invariant Bore1 sets in W will be 
denoted by B(Y). 
In the following, and hereafter, if (g,, g3) is a composable pair of elements 
of 5, the open (possibly empty) interval (c( gz), gJ(c( g3))) will be denoted by 
I(g,,g,)* 
(3.1) LEMMA. Let B E B(F). The cochain A, E C3(F; F?), defined by 
AB(&A&~=j Wg, 7 g2) dt, 
B nm,.s3) 
is a cocycle. 
Proof. Write 6A,( g, , g,, g,, g4) = x + Y, where 
X=A,(g2,g3,g4)-AB(g,“g2,g3,g4)+AB(g,,g20g3,g4), 
Y = -A,(g,,g,,g, “lh) +AB(~I,&,&). 
By elementary computations, 
x= 
I Wg, 7 gz) OgA g; dt, B~(g~,gd 
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y=- WI 9 g2) dt* 
By the Y-invariance of B and the formula for the change of variable, 
y=-x. I 
DEFINITION. If B E B(F), gv(B, p) is the class of A, in H3(g; iR). 
Evidently gv( W, F) = gv(g). 
(3.2) LEMMA. Whenever B is the countable union of disjoint sets 
Bi E B(F), then ci ABi(z) converges absolutely to AB(z), for each cycle 
z E C,(F; W). 
By (3.2) we can interpret gv(-, F) as a u-additive, H3(g’; IR)-valued 
measure on B(F). 
As remarked in [Dull, if ~1, q and @, q are two choices of Godbillon-Vey 
data on M, then q A dv represents gv(F). In the semi-simplicial case 
(X,X), one extends this remark, via Bott’s formulas [BZ], to the 
Whitney-Thorn-Sullivan-DuPont complex of compatible forms and, thence, 
via integration over the simplices (Bott’s process for deriving (2.5)) to the 
double complex a**(X). Relative to choices (pO, F0 with q0 = ij, = 0 this 
gives a “mixed” formula 
(3.3) 
for gv(X). In the case of the semi-simplicial, foliated manifold (MF’,.FF), 
we choose (pO = dt, &, = eydt, and apply (2.7) to see that, an a component 
(g,,g2)xdomg,,(3.3)isoftheformDY(g,,g2)dt,where 
DY(g, 3 g2) = -f 
a(g*, Y>  a(g, o if29 Y) 
(log &a’ (log(g, o g2)‘)’ a 
We omit details since a direct proof of a more general proposition is 
available (3.4). Of course, (3.4) would not have been found apart from the 
above considerations. 
(3.4.) PROPOSITION. Let B f B(F) and let y: B + IF? be a measurable 
function. Suppose that a( g, y) is bounded everywhere on B n dom g, 
Vg E F,, . Then the cochain Ai, defined by 
A,Y(g,rg2d=j Dy(g, 7 gJ dt, 
B nm2.g3) 
is a cocycle, cohomologous to A,. 
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Proof. If y is bounded, we can define /.I E C*(.F'; R) by 
P(slT gz) = f jBm,,, g2) 0 + Y 0 g,Nog gl)’ dt. 
An elementary computation, using the s-invariance of B and the change of 
variable formula, shows that S/3 = A: -A,. 
If y is not bounded, we reduce to the bounded case as follows (cf. [Dul, 
Lemma 21). Let it 2 1 be an integer and let 0,, : R -+ R be smooth, equal to 
the identity on [-n, n], constant on (-co, -n - l] and on [n + 1, co), with 
0 < 0; < 1 everywhere. Then, 13,, 0 y is bounded and measurable. Since 
lUx> - ~,(Y)I = l&(0(x -Y)I < Ix --YI, we have la(g, a,,0 ?)I < Iah Y)I + 
2 /log g’ /, bounded almost everywhere on B n dom g independently of n, and 
a( g, 8, o y) -+ a( g, y), pointwise on B n dom g. By the previous paragraph, 
if 2 is a 3-cycle on .Y?, A&) =AinoY (z). By the dominated convergence 
theorem, 
AB(Z) = ;irr A,en “Y(z) = A;(Z). I 
Remark. The first row of D(g, , gr) reflects the dependence of gv(R) on 
the infinitesimal holonomy of ST. By (3.4), we can exploit this dependence 
without introducing second order complications.. For example, if B E B(Y) 
and if a sequence {y,},,, of measurable functions on B can be found such 
that, for each g E g’, {a(g, YJ},>, is uniformly bounded on B 17 dom g and 
converges pointwise to zero there, then A, is cohomologous to zero. 
4. AN EXISTENCE THEOREM FOR MINIMAL SETS 
Fix k > 1 and consider the foliated manifold (vk, ST,>. In analogy with 
the foregoing, let O(XJ denote the set of open, jT,-saturated subsets of M,. 
Under the natural one-one correspondence O(.&) tt O(.JQ, we will often 
identify these two sets. It is our present aim to prove 
(4.1) THEOREM. Let U E 0(.&J and let L be a leaf of ST, I U. Then 
En U contains a minimal set of Fk 1 U. 
Here, of course, L denotes the closure of L in Mk. If we view U E O(.JQ, 
then L is to be an orbit of Y,, ] U, L denotes the closure of that orbit in W,, 
and our claim is that En U contains a minimal set of the pseudogroup 
Y,, ] U. We will use both interpretations, but the geometric statement is the 
more convenient one to prove. 
The theorem is well known for the case in which M, is a closed manifold 
[He], [C-C 11, and the proof in our situation is quite analogous. The only 
problem is that the completion 0 may have somewhat more complicated 
structure than was envisioned in the above references. 
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Let i: U + M denote the inclusion, choose a Riemannian metric on M and 
pull this metric back to U. Then 0 denotes the completion of U in this 
metric, a manifold with piecewise smooth boundary. In general, fi is not 
compact. 
With the aid of the transverse foliation 9, one extends i to an immersion 
i: I% M. Indeed, it is convenient to factor f into two immersions 
One defines $ and 2 to be the respective foliations i-‘(Y) and i-‘(9). 
Similarly, one defines Fk and $k on I%?~. 
We let a,0 denote the part of 30 tangent to F and a,0 denote the part 
tangent to 2. Then al? = a,oV a,o. In contrast to the situation in which 
M, is a closed manifold, it may well happen that a,ir# 0. 
(4.2) LEMMA [Di, Proposition 21. If U is connected, then a# has at 
most fmitely many components. 
The key to understanding the structure of 0 is the biregular cover of 0 
consisting of the connected components of i-‘(u,), Yj E I,. At most finitely 
many of these biregular blocks have an y-face that meets U (necessarily an 
jr-face of some uj). This fact leads quite easily to (4.2). Call these blocks 
“distinguished.” A nucleus [Di] for 0 will be any finite, connected, 
sufficiently large union K of biregular blocks, including all of the 
distinguished ones. Thus, if U is connected, we obtain a nuclear decom- 
position, again as in [Di], 
il=KV V,U... UV,, 
with the following properties. 
(1) The nucleus K is a compact, connected manifold with piecewise 
smooth boundary, 3K = B,K U BuK. 
(2) If L is a component of a,o, and if K # 0, then K nL is 
nonempty and connected. 
(3) For 1 < i < T, Vi is diffeomorphic to Bi x [0, 11, where Bi X (0) 
and Bj X { 1) are complete, connected, noncompact, (n - 1 )-dimensional 
submanifolds of a,~? 
(4) For each z E Bi, {z} X [0, l] is a leaf of 2, 1 < i < Y. 
(5) If K # 0, then Vi n K is nonempty and connected, 1 < i < r. 
(6) If i#j, then Vin Vj=O. 
Each Vi is called an arm of 0. It is possible that there are no arms 
(r = 0), hence that K = 0. It is also possible that K = 0, in which case there 
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is only one arm, I? itself, and 0 z L x (0, l] is foliated transversely to the 
interval fibers. 
DEFINITION. If it is possible to choose K = 0, we say that 0 (and U) is a 
foliated product. 
We begin those considerations that sometimes obstruct generalizations to 
(Mk,XJ of theorems that are true in closed, foliated manifolds. 
DEFINITION. A leaf L of Kk is said to be complete if L is the interior of 
a leaf of 2$. 
The point is that L does not meet a face-plaque of vi, some i E I,, the 
interior of which does not lie entirely in Mk. 
DEFINITION. A component L of a,0 is called a complete boundary 
component of 0 if L is a leaf of&. 
The point is that L does not meet a face-plaque of ui, some i E Ik, the 
interior of which does not lie entirely in Mk but does meet U. 
DEFINITION. The set &J = M, f7 f(a,o) is called the border of U. 
(4.3) LEMMA. The set 6U is Fk-saturated. If L c 6U is a complete leaf 
of Sz;, then i- ‘(L) consists of complete boundary components. At most 
finitely many leaves of flk fail to be complete. 
Remark. A boundary component L of 0 may be complete and 
M, n f(L) may not consist of complete leaves. 
DEFJNJTJON. Let U E 0(X& x0 E 8aXo, and let L, denote the leaf of & 
through x,,. Fix [x,,, b) in the leaf of 5? through x,, (changing, if necessary, 
the transverse orientation of jT so as to avoid the possibility (b, x,]). Then 
r,.O will denote the pseudogroup on (x,,, b) defined by the holonomy along 
loops at x0 in L,. 
DEFINITION. We say that rXO is unbounded if, for a suitable choice of b, 
no point of (x,, 6) is r,.4ixed. 
(4.4) THEOREM (Dippolito). If L, is a complete boundary component of 
i’, x,, E L,, and if r,,, is not unbounded, then there is an imbedding 
9: L, x [0, l] + 0 and a sequence t, 10 such that 
(1) (p(z,O)=z, VzEL,; 
(2) 9((z) X [0, 11) lies in a leaf of 2, Vz EL,; 
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(3) VW0 x It”}) is a leaf of.3, n> 1; 
(4) im v, is #-saturated. 
The completeness hypothesis is all that is needed in order to carry out the 
proof of [Di, Theorem 31. The abbreviated proof in [C-Cl, (3.4)] may be 
helpful. The reader is invited to show by examples that the completeness 
hypothesis is essential. 
In similar fashion, one can adapt the proof of [C-Cl, (3.8)] to obtain 
(4.5) LEMMA. Let L, be a complete boundary component of 0, x0 EL,, 
and let TX0 be unbounded. Then there is [a, c] c (x,, b) such that every leaf 
of 9 that meets (x0, c] also meets (a, c). 
For (4.5), the foliation should be at least C2-smooth. All previous 
assertions in this section, except (4.1), are valid for smooth-leaved Co- 
foliations with continuous tangent-plane distribution. 
(4.6) LEMMA. Let L be a leaf of Fk 1 U. Then there is a jkite set 
K ,,..., K, of compact, disjoint subarcs of leaves of 9, each Ki c U, such that 
every leaf of En U meets the interior of at least one Ki. 
Proof. We may assume that U is connected, hence a,t? has finitely 
many components L 1 ,..., L, (4.2). Let 2; E Lj and let [xi, bj) c U lie in a 
leaf of 2. If Lj is a complete boundary component of 0, either (4.4) or (4.5) 
applies. In the second case, (4.5) provides a compact subarc Kj = [aj, cj] c 
(x’,, bj) such that every leaf in En U that meets (x’, , cj] also meets (ej, cj). 
In the first case, (4.4) allows us to choose bj so close to Y. that 
En (x’,, bj] = 0. In that case, set Kj = 0. If L, is not a complete boundary 
component, let zj denote the leaf of 3 containing Lj and let xi E Lj n U. 
Choose Kj so that xj E int(Kj). At this point we have produced compact arcs 
K i ,..., K, such that every leaf of I? f’? U that comes sufficiently close to a,fi 
must meet the interior of some ,Kj. It remains to choose compact subarcs 
K m+ ,,***, K ,,,+ r, of leaves of 9, one in the interior of each arm, and 
K m+r+,,...r Kp in the interior of K, so that every leaf of ~?n U meets the 
interior of some Kj, 1 <j <p. This is easy. 1 
One easily obtains (4.1) from (4.6) via Zorn’s lemma. 
DEFINITION. A subset Xc M, is a local minimal set (LMS) of Rk if 
there exists U E 0(.&J such that X is a minimal set of Srk ] U. 
By (4.1), LMSs abound. In fact, we will see that the union of all LMSs is 
dense in Mk (6.1). By standard considerations, every LMS is of one of three 
types. 
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(1) Each proper leaf of Fk is a LMS. 
(2) An element UE O(&), such that each leaf of flk 1 U is dense in 
U, is a LMS, said to be of locally dense type. 
(3) An exceptional LMS, defined as neither of the above types, 
intersects each leaf of Y 1 Mk in a set homeomorphic to an open subset of 
the Cantor set. 
If we define B(Fk) to be the u-algebra of &-saturated Bore1 sets in IV,,, 
the following is evident. 
(4.7) LEMMA. Each LMS is an element of B(Sr,). 
We can identify B(Sr,) with B(5Q an we can define the notion of LMS d 
for the pseudogroup Fk. The obvious analogue of (4.7) clearly holds in this 
context. 
5. NORMAL DATA AND A THEOREM OF SACKSTEDER 
In order to generalize the theory of levels [C-Cl, Sect. 41 to the foliated 
manifolds (Mk, Y& k > 1, it will be necessary to choose the data 
@ = {UiJiel, (I,},>, with care. 
DEFINITION. The data @, {l,}i.+, is normal if, for each k > 1, and for 
each of the transition functions g,, i, j E Ik, whenever x E W, is an endpoint 
of dom gij then either 
(1) x E U E O(.JQ and each .5$-orbit in U is dense in U, or 
(2) Fk(x) n dom g, does not cluster at x. 
(5.1) LEMMA. The data @, {I,},>, can always be chosen to be normal. 
Proof. Let g, and x be as in the above definition, say dom gij = [X,-Y]. - - - - 
Hence g,(x) is an endpoint off,(U,) or x is an endpoint offj(U,) (or both). If 
(1) or (2) in the definition is satisfied, there is nothing to do as yet. Assume 
that (1) and (2) are not satisfied, hence that there are points x, E (x, y) such 
that x, 1 x and the orbits L, = .Fk(x,) have nowhere dense intersections with 
(x, y). These points x, can-be chosen_so that L, n (x, , y) does not cluster on 
x,. By slightly shrinking Ui and/or Uj in the Y-direction, we replace x with 
some x,, we do not destroy biregularity of the cover, and the new orbit of x, 
is contained in L,, hence does not cluster at x, from above. This gives (2) in 
the definition. While this process may change the points at which (1) is 
satisfied, it does not change those at which (2) is satisfied. Thus, in finitely 
many moves we replace ( W,, gk, @,J with ( W,f , Fz, @t) as desired. In this 
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way we build a new biregular cover CD*, the disjoint union uk,, @z, with 
index set Z* = Uk>,Zk and Zz =Zk, such that the data @*, {Z,*},,, is 
normal. I 
(5.2) LEMMA. Let the data @, {I,},>, be normal and fix k > 1. Suppose 
that L c W, is a Fk-orbit not lying in any LMS of locally dense type. Let 
x E W, be an endpoint of dom gij, some i, j E I,, and suppose that 
L n dom gij clusters at x. Then, given y E L, 3~ > 0 such that, whenever 
g E Fk with y E dom g and g(y) E dom g,, then g maps no point of 
(y-by+&) tox. 
Proof. Suppose that this fails. Then we can find E, 1 0 and elements 
g, E Yk with g,(y) E dom gij, such that g; ‘(x) E (y - E,, y + E,), Vn > 1. 
Thus, the Fk-orbit z of x clusters on L, and L n dom g, clusters at x, so 
z n dom g, clusters at x. By normality, x E U E O(FJ, where U is a LMS 
of locally dense type. But this implies that L c U, contrary to hypothesis. u 
DEFINITION. A Fk-orbit L is semiproper if, given x E L, 3s > 0 such that 
either L n (x - E, x) = 0 or L n (x,x + E) = 0. If both equalities can be 
obtained, L is proper, and, if only one can be obtained, L is (semiproper 
and) exceptional. 
A remarkable theorem of Sacksteder [Sa, Theorem 11, concerning 
semiproper, exceptional orbits L, has a seemingly essential hypothesis that 
Lf? dom g, is bounded away from the boundary of dom gij, i, j E I,. In our 
situation, this hypothesis generally fails, but (5.2) makes it possible to 
modify Sacksteder’s proof in a fairly straightforward way. We remark that 
smoothness of class at least C2 is essential. 
(5.3) THEOREM (Sacksteder, extended). Let the data @, (I,},,, be 
normal and fix k > 1. Suppose that L c W, is a semiproper, exceptional rk- 
orbit and let q E L. Then there is a compact, connected neighborhood V of q 
in W, and a sequence {fn},,>, c &, such that 
(1) Vcdomf,, Vn > 1; 
(2) lim n ,,f”G?) = 4; 
(3) lim,,, f :, = 0, uniformly on V. 
A proof of (5.3) is given in the Appendix. 
HYPOTHESIS. Hereafter, we assume that the data @, {I,},>, is normal. 
As in [C-C 1, p. 1871, (5.3) has two important corollaries. 
(5.4) COROLLARY. Let L c W, be a semiproper, exceptional cF,-orbit, 
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q E L. Then, arbitrarily near q, there is x E L and g, E F,, such that g, is a 
2-sided contradiction to x. 
Remark. An exceptional LMS contains at least two semiproper, excep- 
tional .V,,-orbits, hence (5.4) implies that it contains a resilient orbit. 
(5.5) COROLLARY. Let q EL as in (5.4) and let {q,,,},,,>, c W, such that 
lim m+oo a,, = q. Then, f or m suSJiciently large, Zk(qm) clusters at q. 
Remark. If it were known that a semiproper, exceptional orbit 
necessarily lies in an exceptional LMS, then (5.5) would hold for purely 
topological reasons. However, this characterization is only true for C’- 
pseudogroups, r > 2, and the proof of that makes use of (5.5). 
6. THE LOCAL THEORY OF LEVELS 
We are ready to prove that the results of [C-Cl, Sect. 41, established there 
for closed, C*-foliated manifolds, generalize almost verbatim to (jVfk,R& 
k > 1. For this, our ongoing hypothesis, that the data is normal, is essential. 
There are two principal difficulties in carrying out this program. The first 
has been handled in Section 5. The second, the possible presence of incom- 
plete leaves, will complicate the proof of (6.5). Here, as in Section 4, it seems 
preferable to state and prove everything for the foliated manifold (Mk, ;Tk), 
but the analogous statements for (W,, .JQ follow immediately and will be 
used in the analysis of the Thurston cocycle. 
It is elementary that XE Mk is a LMS if and only if X is ST,-saturated, 
X - X is closed in Mk, and each leaf of Fk that lies in X is dense in X. Thus, 
two LMSs meet if and only if they coincide. From this point of view, the 
following inductive definition of level is quite natural. 
DEFINITION. Let XC Mk be a LMS. If X=X, then X is said to be at 
level 0. If X - X is a union of LMSs at levels at most j - 1, j > 1, at least 
one of which is at level j - 1, then X is said to be at level j. If X is at level j, 
each leaf of Fk in X is also said to be at level j. A leaf of flk at no finite 
level j is said to be at infinite level. 
We consider the filtration 
where, for j > 0, Xj is the union of all LMSs at levels at most j. We set 
X, = lJj>,, Xj. We assemble the fundamental properties of this filtration in 
(6.1) THEOREM. The level filtration has the following properties. 
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(1) Each Xj is a closed subset of M,, j > 0. 
(2) If X is a LMS, then X lies at leuel j, some 0 <j < co. 
(3) If L is a leaf of yk, then E”Xj is a Fnite, nonempty union of 
LMSs, Vj > 0. 
(4) The set X, is dense in Mk. 
The proof of (6.1) will be a sequence of lemmas and propostions. In many 
cases, the analogy with [C-Cl, Sect. 41 is exact and we will simply give 
appropriate references. 
In the following two lemmas, L denotes an aribtrary leaf of ST,. We 
emphasize the convention that the symbol c excludes equality. 
(6.2) LEMMA. Let Y c L be a closed, x,-saturated subset. Let U be the 
component of M, - Y containing L, and let L, ,..., L, be the leaves in 6U. 
Then Y=L, U aa. Uz,.. 
For the proof, see [C-Cl, (4.1)]. The reference there to [C-Cl, (3.6)] 
should be replaced by (4.2) of the present paper. 
(6.3) LEMMA. If 2, c Z, c . . . c Zi c . . . c L is an infinite nest of 
closed, x-,-saturated subsets, then Z, = Ui,, Zi is dense in L. 
For the proof see [C-Cl, (4.2)], using (6.2) to replace the reference to [C- 
Cl, (4.1)]. The reference to [C-Cl, (2.3)] is replaced by our (5.5). 
(6.4) PROPOSITION. Each LMS is at some finite level. 
For the proof, see [C-Cl, (4.3)]. The reference there to [C-Cl, (3.0)] 
should be replaced by our (4.1) and the reference to [C-Cl, (4.2)] by (6.3). 
(6.5) PROPOSITION. For each j > -1, Xj is closed in M,. 
The proof of (6.5) will proceed by induction on j, the case j = -1 being 
trivially true. For the inductive step, we suppose that Xj- I is closed in M,, 
some j > 0, we choose x E xj, and we must show that x E Xj. If x E Xj- 1 we 
are done, so we suppose x E M, -X,-, and let U E O(SrJ denote the 
component of this set containing x. Let {x~}~>~ c U n Xj be a sequence 
converging to x. Each xi lies in a minimal set Yi of yk 1 U, by the definition 
of level j. If finitely many of the Yi coincide, then x lies in that set and we 
are done. Thus, assume that all Yi are distinct and let L denote the leaf of5 
through x. By (4. l), let Y G ~?n U be a minimal set of ST, 1 U. Evidently, 
Y # U. If Y were exeptional, then Yi would contain a leaf clustering on Y, for 
i large (5.5). But Y # Yi for all but at most one value of i, so Y reduces to a 
proper leaf. Since YE Xj, the following completes the proof of (6.5). 
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(6.6) LEMMA. The LMS Y coincides with the leaf L. 
ProoJ Assume that L # Y. We deduce a contradiction via a sequence of 
claims. 
CLAIM 1. The leaf Y is not complete. 
Indeed, L accumulates on Y, so we choose yi E Yi such that 
lim,,, yi = y E Y. Indeed, without loss of generality, we can assume that 
there is a subarc [y, a) of the leaf of Y through y such that { yiJi>, c (y, a) 
and converges monotonically to y. We can also assume that 
Yi I? (y, yi) = 0 = Y n (y, yi), Vi > 1. Let V denote the Fk-saturation of 
(y, yi). If Y were a complete leaf, then, identified as a suitable boundary 
component of v through y, it would be a complete boundary component 
(4.3). But each yi is r,,-fixed, so (4.4) would contradict the fact that L meets 
(YFYi), Vi> 1. 
CLAIM 2. The leaf L is proper and not complete. 
Indeed, let U’ denote the component of U- Y containing L. Let Y’ be a 
LMS in En U’, necessarily a proper leaf. If L # Y’, the above argument can 
be repeated (for i sufficiently large, Yi c U’ and Yi is a minimal set of 
;T 1 U’), showing that Y’ is a noncomplete leaf. Since only finitely many 
leaves of ;rk fail to be complete (4.3), finitely many repetitions of this 
argument prove that L is a proper leaf. It remains to be shown that L cannot 
be complete. For large values of i, no Y, can accumulate on Y, hence neither 
can it accumulate on L. Suppose that L is complete. By (4.4) we find an 
imbedding o: L X [0, 1) + M, such that (p(L x {0}) = L, q(L X {l/n}) = Y,, 
n sufficiently large. But this implies that each Y, does accumulate on Y, for 
n sufficiently large. 
Choose x E L and (x, w) c U an open subarc of the leaf of .P through x, 
such that (x, w) IT L = 0. We can assume that {x~}~>, c (x, w) and that 
Xi 1 X. In particular, (X, W) n Xj # 0. 
CLAIM 3. Without loss of generality, we can assume that (x, w) n Xj is 
closed in (x, w). 
If this fails, we can find a sequence {z~}~> 1 c_ (x, w) nxj converging to a 
point z E (x, w) -X,, say z, 1 z. Let L, be the leaf of flk through z. We can 
assume that the points zi lie in distinct LMSs at levelj and argue as above to 
show that L, is proper and noncomplete. No generality is lost in replacing L 
with L, and (x, w) with (z, w). Since there are only finitely many noncom- 
plete leaves, finite repetition of this procedure proves Claim 3. 
Given o E (x, w), we let L, denote the leaf of ST, through u and remark 
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that, if v E (x, w) n Xj, then L, n (x, w) cannot cluster at x, although 
(x, w) n Xj does cluster at x. 
CLAIM 4. For each 0 E (x, w), L, n (x, w) does not ckster at x. 
Indeed, it is enough to consider u E (x, w) - Xj. Let { Ua}aeA be the set of 
components of the Fk-saturation of (x, w) - Xj. By Claim 3, U, E 0(9& 
Va E A. Then U, n (x, w) is the union of some of the connected components 
of (x, w) -Xi. Since SU, contains only finitely many leaves, L, ,..., L, (4.2), 
and since Li n (x, w) G Xj n (x, w), 1 < i < q, the set of components of 
U, n (x, w) does not cluster at x. Also, since Xj n (x, w) clusters at x, no 
component of U, n (x, w) has x as a boundary point. Thus, if 
v E U, n (x, w), L, n (x, w) does not cluster at x. 
Let V denote the ST,-saturation of (x, w). 
CLAIM 5. Without loss of generality, we can assume that P is a foliated 
product. In particular, P has two boundary components, both complete. 
By an earlier remark, the fact that L, viewed as a boundary component of 
v, is complete does not contradict the fact that L, viewed as a leaf of Sz-,, is 
not complete. We prove Claim 5. There are only finitely many leaves of Szy, 
that meet a boundary R-plaque of some fij, j E I,. If such an jr,-leaf meets 
(x, w), it does so in a set of points bounded away from x (Claim 4). Thus, 
choosing w closer to x, we guarantee that V contains no such leaf. In terms 
of the biregular cover described in Section 4, this means that f admits a 
nuclear decomposition with empty nucleus, which is our claim. 
It is now easy to obtain the contradiction that proves the lemma. By 
Claim 5, each .&-leaf through (x, w) accumulates wherever L does. In 
particular, for i large, each Yi accumulates on Y. fl 
(6.7) PROPOSITION. The set X, = Uja,, Xi is dense in M,. 
ProoJ: Let x E M, and let L be the leaf of Kk through x. If L c Xj, some 
j > 0, there is nothing to prove. Otherwise, by (6.4), L lies in no LMS, so 
repeated applications of (4.1), together with (6.5), show that the filtration 
Lnx,cLnx, c -.. 
hence xEX*. 1 
CL is as in (6.3). That is, U,,,,,?n Xi is dense in L, 
(6.8) PROPOSITION. Let L be an arbitrary leaf of xk and let j > 0 be an 
integer. Then En Xj is a finite, nonempty union of LMSs. 
The proof is the exact analogue of [C-Cl, (4.7)]. The reference to [C- 
Cl, (4.1)] is replaced by our present (6.2). 
By (6.4), (6.5), (6.7), and (6.8), the proof of (6.1) is complete. 
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The main use of (6.1) in this paper will be to produce a decomposition of 
W, into a countable, disjoint union lJjj, Bj, each Bj E B(F,), such that, if 
Y,, has no resilient orbits, then gv(Bj, Pk) = 0, j > 0. This will prove that 
gv(Sr,) = 0. We describe the decomposition. 
DEFINITION. An element U E O(P,,) is said to be thin if, when U is 
viewed as an element of 0(2& each component of U is a foliated product. 
Each element X,,, of the level filtration belongs to B(FJ, hence may also 
be viewed as an element of B(%LQ, closed in Wk. 
(6.9) LEMMA. There is an integer N > 0 such that m > N * W, -X,,, is 
thin. 
Proof. Equivalently, we must show that, if x E W, is an endpoint of 
dom z, some i, j E I,, then the orbit Yk(x) is at some finite level. Since the 
data @, ~Zklk~, is normal, either Yk(x) lies in a LMS of locally dense type 
(hence is at finite level) or Yk(x) is semiproper. If .Y&) is proper, it is a 
LMS and lies at finite level. Alternatively, Yk(x) is semiproper and excep- 
tional. By (6.1), there is a sequence (xnJn>, G X, such that lim,,, x, =x. 
By (5.5), if II is sufficiently large, Yk(x,) clusters at x, hence gk(x) lies at 
finite level (6.1). 1 
DEFINITION. Zf U E O(&) is thin and nonempty, the thickness z(U) is the 
maximum of {b - a: (a, 6) a component of U}, and r(0) = 0. If U is not thin, 
r(U) = a3. If B E B(F,,), the thickness r(B) is the inlimum of 
(s(U): B c UE O(K)}. 
(6.10) LEMMA. There is a decomposition W, = Uj>o Bj such that all 
Bj E B(LQ and 
(a) BjnBi=O, i#j; 
(b) ifj 2 1, then Bj is either a LMS or is empty; 
(c) z(B,) = 0. 
Proof. Indeed, by (6.1), find a sequence {L,},, i of Y,,-orbits at finite 
levels such that Urn>i z,,, is dense in Wk. By (6.9), we can choose this 
sequence so that, for m sufficiently large, U,,, = W, - (L, U .-. U L,) is 
thin. By (6.1) each E,,, is a finite union of LMSs. Enumerate the distinct 
LMSs so obtained as {Bj}j.+ 1. Here we make the convention that, if this set 
of LMSs is finite, then Bj = 0 for all large values of j. Finally, set 
B,= W,-- lJj,, Bj, and note that B,,G U,,,, Vm > 1, and that 
lim,,, t(U,) = 0. I 
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7. THE gv-MEASURE VANISHES ON INFINITELY THIN SETS 
We will show that gv(B,, Fk) = 0, for B, as in (6.10). This B, contains 
B, = W, -X,, the union of the Yk-orbits at infinite level, and our proof will 
also show that gv(B,, Fk) = 0. Indeed, we will establish 
(7.1) THEOREM. Let B E B(F,,) and suppose that t(B) = 0. Then 
gv(B, cYk) = 0. 
Proof (cf. [Du, Lemme 31). Select thin elements U(m) E 0(&J such that 
B c U(m + 1) c U(m), m > 1, and lim,,, ~(U(rn)) = 0. 
On each component (c, d) of U(m), define the functions l+(x) = d - x, 
l-(x) = x - c, and set y = - log a on U(m). If g E Fk and if (c, d) is a 
component of U(m) lying entirely in dom g, we have a(g, y)(x) = 
b?%Flmm/~‘~~~~ f or x E (c, d) and suitable choices of r E (c, x), 
t-E (x, 4. But v’m =g’@), f or suitable A E (c, d), so la( g, y)l < 
max ](log g’)‘] . (d - ) c on every component (c, d) of U(m) that lies in dom g. 
Since U(m) is thin, g extends to &E Fk such that each component (c, d) of 
U(m) either lies in dom g’ or misses domg (just think of the geometric 
version of U(m) E O(YJ). The above estimate works equally well for g, so 
I a(g7 Y)I G N * T(m)) on U(m) n dom g, where N is a constant depending 
on g, but not on m. 
Since any particular cycle z E Z,(Fk ; R) involve only finitely many 
elements of F,,, the above estimates, together with (3.4), show that ]A,(z)] = 
I4Xz)I <N, . r(W>), h w ere N* is a constant depending on z, but not on 
m. Thus, AB(z) = 0. 1 
It remains to be shown, for the decomposition in (6.10), that 
gv(Bj, Yk) = 0, j > 1. This will be accomplished in the next two sections. 
8. ERGODIC REGIONS 
We assume that jr has no resilient leaf. 
DEFINITION. An element U E 0(&J (resp. U E O(F)) is an ergodic 
region if each leaf of Xk ] U (resp. jT I U) is dense in U and has trivial 
germinal holonomy. 
If U E O(jTk) is an ergodic region, let 0 E O(F) denote the F-saturation 
of U. Since we assume that .F has no resilient leaf, it is clear that 0 is also 
an ergodic region. We fix U and 0. 
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(8.1) LEMMA. There is a transverse, holonomy invariant measure ,u for 
X 1 o,j%ite on compact sets and positive on open subarcs of leaves of 9 1 0. 
Indeed, let S c 0 be an imbedded circle transverse to Y. A theorem of 
Sacksteder [Sa, Theorem 41 implies the existence of a probability measure, 
supported on all of S and invariant under holonomy transformations in S 
induced by Y. The lemma follows. 
(8.2) COROLLARY. There is a local, nonsingular Co jlow v on 0 having 
suitable subarcs of leaves of ip as jlow lines and preserving the foliation ST. 
For each i E I,, consider the two ST-faces of ui. If either (or both) of 
these lies in 0, then Vi can be thickened slightly at that plaque (or plaques) 
by a p-amount ci > 0. Let U,? denote the new biregular neighborhood so 
obtained. If neither face-plaque lies in 0, set UT = Ui and si = 1. Finally, set 
Mk+=UiElkU:, Fk+=ST(Mk+, and U+=onMk+. Let O<E<E~, 
ViEI,. 
(8.3) LEMMA. There is an element of the local flow of the form 
ly: (-&, E) x u-, u+. 
Proof: By (4.4) and the fact that U is an ergodic region, the holonomy 
along any complete boundary component of U is unbounded. Consequently, 
the measure ,u grows without bound at such a boundary component. Thus, if 
all boundary components are complete, the global flow w: R x I!,+ U is 
defined and U is a component of U’. The noncomplete boundary 
components lie in Ut since they meet a face-plaque of some q, i E Ik, that 
lies in 0. Let L be a noncomplete boundary component. By the holonomy 
invariance of ,u, each x E L is an endpoint of a subarc J of a leaf of 9 such 
thatJcU+-Uand,u(J)=e. I 
-- 
As i ranges over I,, we can assume that the submersions fi : Ui + R 
extend to submersions f? : p -+ IF?, defining jT 1 p and having disjoint 
images. Thus, we obtain W: , Y’:, and U E U+ E O(.Y,+). The measure fi 
passes to U+ and we obtain a Pt-invariant, local Co flow of the form 
iy: (-&, E) x u+ u+. 
We remark that, in this pseudogroup setting, the flow parameter generally 
must be restricted to a finite interval (--E, E), even when, in the geometric 
setting, all components of a,U are complete. However, if U is thin, one 
obtains a global flow ly: IR x U -+ U in both settings. 
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9. COMPLETION OF THE PROOF OF (**) 
By (6.10) and (7.1), we have that gv(&) = &i gv(Bj, YJ, where each Bj 
is either a LMS or the empty set. If we assume that X has no resilient leaf, 
then no Bj can be exceptional (5.4). Also, if Bj is of locally dense type, 
nonresiliency implies that Bj is an ergodic region. If Bj is proper, then it has 
Lebesgue measure zero and ABj = 0. 
(9.1) THEOREM. If UE O(FJ is an ergodic region and if j7 has no 
resilient leaf, then gv(U, Fk) = 0. 
(9.2) COROLLARY. If jr has no resilient leaf, then gv(F) = 0. 
Proof. By (9.1) and the above observations, gv(Zk) = 0. By (2.1 l), 
gv(XJ = 0, Vk > 1. But gv(;T) is determined by its values on finite smooth, 
singular cycles z. Such a cycle has geometric support 1 z 1 in M,, some k > 1, 
and jL gv(K) = 1, gv(&) = 0. 1 
Since (9.2) is (**) for open, foliated manifolds, and (**) reduces to (*) 
for closed foliated manifolds, our final task is to prove (9.1). (Of course, 
when M is closed, our methods also apply and give a proof of (*)). 
Heuristic Remark. If the Yk-invariant measure ,u is absolutely continuous 
with respect to Lebesgue measure, the proof of (9.1) is particularly easy. In 
this case, there is a measurable function y: U+ R such that ,u(X) = I‘, e” dt, 
for all Bore1 sets XE U. But the invariance of ,D is equivalent to the 
condition that a( g, y) = 0, almost everywhere in Un dom g, Vg E Yk. By 
(3.4), gv(U, 6) = 0. However, as remarked in [Her], ,U may not be 
absolutely continuous. Furthermore, p is uniquely determined up to a 
positive, constant factor (unique ergodicity), so the problem is intrinsic to 
the foliation T. In any case, it is possible to find a divergent sequence 
kll,>, of positive, absolutely continuous measures on U that, in a certain 
sense, come arbitrarily close to Tk;,-invariance. 
Let E be as in (8.3) and choose a sequence of real numbers t, 1 0, n > 1 
and 0 < t, < E. Given x E U, let x, = u/,,(x) E U+. 
(9.3) LEMMA. Let g =g,, some i,j E I,. Then there is an extension 
g+ E .Y: of g such that (g(x)),, = g+ (x,), Vx E U fJ dom g and n > 1. 
Proof. In Section 8, we extended each of the submersionsf, to f7, hence 
there correspond well-defined extensions c. Since wt, is Y’,+-invariant, the 
assertion follows. I 
DEFINITION. For each integer n > 1, y, : U-+ R is the continuous 
function y,(x) = - log(x, - x). 
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(9.4) LEMMA. For each g E g, the sequence {a( g, y,)},> 1 is uniformly 
bounded on Un dom g and converges pointwise to zero. 
Proof. First note the identity a( g, o g,, y) = a( g, , 7) og, + a( g,, y). 
Since each g E gk is a finite amalgamation of compositions of restrictions of 
generators g,, i,j E I,, it will be enough to check our assertions for g such a 
generator. By (9.3) and the mean value theorem, a(g, y,)(x) = 
log( g + )‘(<,) - log g’(x), for suitable <,, E (x, x,). Since log( gt )’ is bounded 
and x, 1 x, the assertions follow. 1 
Of course, (3.4), (9.4), and the dominated convergence theorem 
imply (9.1). 
It is not hard to deduce that gv(o, Y) = 0. Indeed, mild adaptations of our 
arguments prove the following, more general fact. 
(9.5) THEOREM. If VE O(Y) is an ergodic region, then gv(V, 27) = 0. 
Remarks. (1) Let Jc U be a compact, nondegenerate interval and let 
p(J) = K. Let pu, = s eYn dt and let K, =,u,(J). Then, passing to a subse- 
quence, if necessary, we obtain ,LI = lim,,,(K/K,)pu, in the space of Co 
distributions on J. It is easy to check that ,LI is invariant under the 
pseudogroup on J induced by Yk, hence extends to a g,-invariant measure P 
on U. By unique ergodicity and the equality G(J) =&l), we see that ,U =b 
on U. 
(2) The proofs of various cases of (9.1), given in [M-M-T, Ts, C-C21 
require smoothness of class C”. This is due to an important role played by a 
theorem of Sergeraert [S] on imbedding C”O diffeomorphism-germs in 
germinal flows. Our proof of (9.1) only uses differentiability of class C’. Our 
requirement that all foliations F be of class C3 was made so that gv(;T) 
could easily be identified as the class defined by the usual algorithm using 
differential forms. 
10. REMARKS ON MORSE SINGULARITIES 
Let (M,sT) be a foliated manifold with singularities, all of Morse type. 
Let Z cM be the singular set. This foliation is defined by a l-form w, 
vanishing exactly on Z and closed in a neighborhood of Z. Then du = v A w 
with v vanishing in a neighborhood of Z, and gv(F) = [a A dq] E H3(M; IR) 
is well defined by such data. 
It is reasonable to conjecture that, if Sr ] (A4 - Z) has no resilient leaf, 
then gv(Sr) = 0. Indeed, we can almost prove this. 
(10.1) PROPOSITION. Let M be a (closed or open) n-manifold with n > 4. 
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Let ST be a smooth foliation of M with singular set C consisting of Morse 
singularities. If ST 1 (M - C) has no resilient leaf, then gv(YJ = 0. 
Proof. The form v A dv, representing gv(Sr 1 (M-Z)), defined as above, 
vanishes near ,?Y. By (**), r A dq = dv, some q~ E A*@4 -Z). Let p E Z and 
let V be neighborhood of p in M, diffeomorphic to the open n-ball, such that 
(Po=a,l (V- IPI) is closed. Thus, [pO] E H’(V- {p}; R) and this is trivial 
if n > 4. That is, q,, = de near p, 0 extends to M - {p}, and (p - d6 extends, 
by 0, over p. Carrying this out for each p E Z, we obtain a, - de on M - Z 
that extends smoothly, by 0, to 6 E A’(M). Thus, d$ represents gv(9). 1 
In case M is closed and dim M = 3, the above proof fails. Furthermore, 
this is really the interesting case since it implies (**). Indeed, let (M, jr) be 
an open, honestly foliated manifold without resilient leaves. Here, the only 
interesting case is that in which dim M > 4. Every real 3-cycle in M is 
homologous to a linear combination of cycles A: N: -+ M, where fi is a 
smooth immersion, Ni is a closed, oriented 3-manifold, f;'(T) has only 
Morse singularities, and there are no resilient leaves in Nj - .Z. But 
f ,*(gv(Y)) = gv(f ,7’(F)) and the conjecture is that this always vanishes. 
A direct proof of the conjecture along the lines of [Du 1 ] would be 
interesting, but promises to be harder than might at first appear. 
The biggest problem seems to be develop a suitable theory of the 
dynamics of closed, foliated manifolds with nice singularities. A filtration by 
levels can be defined (Z should lie at level-l), but a 2-dimensional example 
shows that the crucial theorem of Sacksteder, concerning semiproper excep- 
tional leaves, can fail. Indeed, an analytic example by Cherry [C] on T2 has 
two singularities, one of Morse type (a saddle), and one of radial type, 
jT ] (M - Z) has an exceptional LMS at level 0, and there is no holonomy. 
Two copies of this example can be plumbed together at the radial 
singularities, giving a similar example on the 2-holed torus, having only 
Morse singularities (saddles). The failure of Sacksteder’s theorem is due to 
the impossibility of finding a finitely generated pseudogroup for this 
foliation, faithfully reflecting holonomy, that also satisfies (5.2). We do not 
know an analogous example on a closed 3-manifold, but this remains an a 
priori possibility. 
APPENDIX 
We prove (5.3). We not only generalize the proof of [Sa, Theorem 11, but 
simplify it somewhat by eliminating the “leap-frog” induction. 
Let S, = { gij: i,j E Ik}. There are constants 0 = B/A such that h’ > A > 0 
and]h”]<B,forallhES,.Setc=e 201Wk’ > 1, where ] W,l denotes the total 
length of W, c R. 
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Consider g = (h, 0 h,-, 0 --- 0 h,) 1 domg, where each hi E Sk. Set 
go = id on dom g, gP = h, 0 h,- 1 o ... o h, (restricted to dom g), 1 <p < m. 
Thus, g = g,. Then, if {u, v } c dom g,, one has 
(a) &Au) < &Au) exp(e . Cr:,i I up - vp I), where up = g,(u), up = g,(o) 
Pa, (4.2)1. 
Since L is exceptional, EC W, is homeomorphic to an open subset of the 
Cantor set. If .Z is the closure in W, of a component of W, -L and if J is 
compact (at most finitely many are not), it will be called a proper gap. Let 
J,, = [x,,, yO] be a proper gap meeting L. For definiteness, assume x, E L. 
Assume that g,, as above, is a simple Sk-path in L at x,, and that 
J,,cdomg,. Choose a compact interval I, c dom g,, with I, nJ, = Ix,,} 
and 0 < ]I,, I< c-r ]J, j. Set J, = g,(J,) and ZP = g,(Z,). Then, 
@I IZml G IJmI. 
Indeed, proceed by induction on m > 0, the case m = 0 being contained in 
thechoiceofZ,.Supposem~landIZ~,)~IJ,I,O~p~m-l.Bythemean 
value theorem, ]I,,, l/l.Z, ] = g;(u) ]ZO I/gk(o) lJ, I for suitable u E I,, v E J,. 
Thus, by (a), I~,l/l~,I~~I~,l/l~,I)~~~~~~ C:s’ I~,--u,I). Since 
JO,J,,...,Jm-, have disjoint interiors, 
m--l m--l m-1 
\’ I%-%I< K7 (l.q+lZ,l)< y 21Jpl<21Wkl. 
p=0 pz0 p=o 
It follows that IZ,l/lJ,I <c IZ,l/lJ,I < 1. 
Our next claim is that 
(c) gh <c I.Z,]/lJ,], uniformly on I, UJ,. 
Indeed, by the mean value theorem, choose v E Jo such that 
&I(~) = IJml/lJoI* F or any u E I, U Jo, (b) implies that I up - up] < 2 ].Z, 1, 
0 <p < m, and reasoning completely similar to the above gives g;(u) < 
C&2(~) = c IJm IWO I* 
For x E L, define l]xl/ = m > 0, where m is the least integer such that there 
is an Sk-path h, o .a- o h, in L (necessarily simple) joining q to x. For l]xll 
sufficiently large, x is an endpoint of a proper gap .Z,. Since I W, I < co and 
x#y+J,nJ,,=la, we have 
(4 liq+cm I Jx I = 0. 
There is a constant ,u > 0 such that, for each h E S, and each endpoint y 
of dom 6, either Ln dom h clusters at y or this set lies at distance greater 
than p from y. Using (d) and the fact that proper gaps are disjoint, choose 
N > 0 so large that, if ]lx]] > N, then ] J,I < p and J, meets no endpoint of 
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dom h, Vh E S,. Remark that there are only finitely many x E L with 
IJxJI = N. Since L accumulates on q, 
(e) 3x, E L llxoll = N, such that the set G = {g = g, E .Yk: /I g,(x,)ll 
strictly increases with p = 0, I,..., m} has the property that the set 
( g,(xO): g, E G} accumulates on q. Use this x,, in all of the above. 
(f) It is possible to choose I, as above so that I, U .I, E dom g,, 
Vg, E G. 
Indeed, by (5.2), we can choose I, so that, whenever h E S, and y is an 
endpoint of dom h at which En dom h clusters, and whenever I, c dom g, 
and g,(x,,) E dom h, then I, = g,(Z,) does not contain y. Since 
IZ, I< lJ, I < p, I, also misses an endpoint y at which En dom h does not 
cluster. An easy induction on m now proves I, c dom g,, Vg, E G. Also, 
since llxll > N + J, meets no endpoint of dom h; Vh E S,, it follows that 
JOCdomg,, Vg,E G. 
The following is an immediate consequence of (c) and (d). 
(g) For each E > 0, gh < E uniformly on I, U J,, for all but finitely 
many g, E G. 
Fix all of the above choices and choose fE 3; such that f(q) = x0. Fix a 
compact neighborhood V of q such that V c domf and f(V) c I, U J,. By 
(e), (f), and (g), choose a sequence {gcn,Jnz, 2 G such that {L =g(,, oflnaI 
is as desired. 
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